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Abstract. We review the application of the relativistic quantum mechanics method
for the description of neutrino oscillations for the studies of spin-flavor oscillations
in background matter under the influence of a plane electromagnetic wave. Basing
on the new exact solution of the Dirac-Pauli equation for a massive neutrino in
the given external fields, we derive the transition probabilities for spin and spin-
flavor oscillations. The obtained expressions are analyzed for different types of
the neutrino magnetic moments. Our results are compared with findings of other
authors.
The existence of the neutrino masses and the mixing between different neu-
trino types has been confirmed by the experimental observation of neutrino
oscillations. The neutrino interactions with various external backgrounds, e.g.,
with matter, are known to affect the process of neutrino oscillations. Despite
neutrinos are electrically neutral particles, they can have nonzero magnetic mo-
ments, which are of a pure anomalous origin. In this case, there is a possibility
for neutrinos to change both flavors and polarizations in an external electro-
magnetic field. These transitions are called neutrino spin-flavor oscillations. In
the present work, we review our recent achievements, made in Refs. [1,2], in the
relativistic quantum mechanics description of neutrino spin-flavor oscillations
in background matter under the influence of a plane electromagnetic wave.
Without loss of generality, we study the system of two flavor neutrinos
(να, νβ) with a nonzero mixing. For example, we can take that να ≡ νµ,τ
and νβ ≡ νe. These neutrinos can electroweakly interact with background
matter consisting of electrons, protons, and neutrons. The background mat-
ter is supposed to be nonmoving and unpolarized. Moreover, we take that
neutrinos have nonzero magnetic moments and can interact with the external
electromagnetic field Fµν = (E,B).
The Lagrangian for the system of these neutrinos has the form,
L =
∑
λλ′=α,β
ν¯λ
[
δλλ′ iγ
µ∂µ −mλλ′ − Mλλ
′
2
Fµνσ
µν − fλλ′
2
γ0(1 − γ5)
]
νλ′ , (1)
where γµ =
(
γ0,γ
)
, γ5 = iγ0γ1γ2γ3, and σµν =
i
2
[γµ, γν ]− are the Dirac matri-
ces. The mass matrix (mλλ′ ) and the matrix of magnetic moments (Mλλ′) are
independent in general. The matrix of the effective potentials of the neutrino
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interaction with matter is diagonal in the flavor basis: fλλ′ = fλδλλ′ . The
explicit form of fλ in the electroneutral matter can be found in Ref. [3].
The nature of neutrinos can be revealed only if we transform the flavor wave
functions νλ to the mass eigenstates basis, ν = Uψ, where U is the mixing
matrix, which depends on the vacuum mixing angle θ. The neutrino mass
eigenstates ψa, a = 1, 2, having the masses ma, are taken to be Dirac particles.
The wave equations for ψa have the form,
i∂tψa =Haψa + Vψb, a, b = 1, 2, a 6= b,
Ha = −i(α∇) + βma + µa(iγE− βΣB) + Va
2
(1 − γ5),
V = µ12(iγE− βΣB) + V12
2
(1− γ5), (2)
where α = γ0γ, β = γ0, and Σ = γ5γ0γ are the Dirac matrices, (µab) =
(Uλa)
†(Mλλ′ )(Uλ′b) and (Vab) = (Uλa)
†(fλλ′)(Uλ′b) are the matrices in the
mass eigenstates basis.
The general solution of Eq. (3) can be represented in the form [5],
ψa(x, t) =
1√
Ω
∑
n
[aan(t)uan(x, t) + ban(t)van(x, t)] , (3)
where uan and van are the basis solutions of the diagonal part of Eq. (3), i.e.,
at the absence of the potential V , depending on the set of quantum numbers
{n}, which, in its turn, is determined by the external fields, and Ω is the
normalization volume. In the relativistic quantum mechanics approach, used
here, the c-number functions aan and ban are not the creation and annihilation
operators [5]. Their form is chosen to account for the mixing potential V in
Eq. (3) and the initial conditions.
Now let us choose the particular configuration of the electromagnetic field.
We suppose that the beam of neutrinos interacts with a plane electromagnetic
wave propagating along the z-axis. First, we should find the exact solution of
the diagonal part of Eq. (3). We use the Dirac matrices in the chiral represen-
tation. Omitting the index a for brevity, one gets that this solution takes the
form [2],
ψ = exp
(
−iV
2
t+ ip⊥x⊥ − iλ
2
u3 − iλ
2
p2⊥ +m
2
λ2 − V 2/4u0
)
u, (4)
where
uT =
1√
N
(
(px − ipy)v1 −mv2
λ+ V/2
, v1, v2,− (px + ipy)v2 +mv1
λ− V/2
)
, (5)
is the basis spinor. The normalization coefficient N is given by the condition
|u|2 = 1. In Eq. (4), we use the new variables u0 = t−z and u3 = t+z, λ is the
quantum number [2], and the symbol ⊥ marks the vectors perpendicular to the
wave propagation direction. The two component spinor v = v(u0) = (v1, v2)
T
in Eq. (5) obeys the equation, i∂v/∂u0 = (σ
∗R)v, where σ are the Pauli
matrices and
R = µB+
V
2
mp⊥
λ2 − V 2/4 −
V
4
(
1 +
p2⊥ −m2
λ2 − V 2/4
)
ez. (6)
Here ez is the unit vector along the wave propagation. In the following, we
take that neutrinos propagate along the wave.
Let us consider the quasiclassical approximation. In this limit, a neutrino
moves along a trajectory, which is a straight line z = βt, where β = pz/E is the
neutrino velocity. Using this approximation, basing on Eqs. (4) and (5), and
considering ultrareletivistic neutrinos, we can reproduce the transition proba-
bilities for spin oscillations obtained in Refs. [2, 4].
Now we turn to the consideration of the neutrino spin-flavor oscillations
νβL → ναR. First, we analyze the situation when µa ≫ µ, where µa ≡ µaa
and µ ≡ µ12. Considering the case when V12 ≪ |Vaa|, one gets the analytical
transition probability in the form [2],
PβL→αR(t) = sin
2(2θ)
[
1
4
(A1 −A2)2 +A1A2 sin2(Φt)
]
, (7)
where
Aa(t) =
µaB0
Z
(1− β¯) sin(̟at),
̟a =
√
µ2aB
2
0
(1− β¯)2 +
[
Vaa
2
+
gω
2
(1− β¯)
]2
, (8)
is the amplitude of spin oscillations within one mass eigenstate, Φ = Φvac +
(V11 − V22)/2 is the phase of neutrino flavor oscillations accounting for the
matter contribution, Φvac = δm
2/4pz is the phase of neutrino oscillations in
vacuum, δm2 = m21 −m22, and β¯ is the center of inertia velocity of two mass
eigenstates.
The transition probabilities in the situation when µ ≫ µa can be obtained
only numerically for the arbitrary θ and (Vab). The effective Hamiltonian,
which drives spin-flavor oscillations in this case, has been derived in Ref. [2].
Using that result, in Fig. 1, we show the transition probabilities PνeL→νµR (z),
the upper and lower envelope functions, and the averaged transition probability.
One can see in Fig. 1(a), that the averaged transition probability oscillates
near 5% value. In Fig. 1(b), we depict PνeL→νµR(z) for lower matter density
ne = 10
27 cm−3, which is very close to the value expected in the inner part
of an accretion disk in some models of gamma ray bursts. The transition
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Figure 1: The transition probabilities for νeL → νµR oscillations in the electroneutral hydro-
gen plasma when particles interact with the electromagnetic wave having B0 = 1018 G and
ω = 1013 s−1 versus the distance z = β¯t passed by the neutrino beam. The parameters of
neutrinos are δm2 = 7.59 × 10−5 eV2, θ = 0.6, pz = 1keV, ma ∼ 1 eV, and µ = 10−11µB.
(a) ne = 1029 cm−3; and (b) ne = 1027 cm−3. Red and blue lines are the upper envelope
functions and the averaged transition probabilities. The green line in panel (a) is the lower
envelope function.
probability in this case reproduces the result in Ref. [1], where spin-flavor os-
cillations νeL → νµR were studied at the absence of the matter contribution.
Comparing Figs. 1(a) and 1(b), one can see that the lower matter density is,
the higher transition probability is. Thus, one does not expect the appearance
of a resonance in neutrino spin-flavor oscillations in matter under the influence
of a plane electromagnetic wave, as claimed in Ref. [4]. The highest transition
probability can be observed when neutrinos do not interact with background
matter.
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